
Lattices in Sol

Lent 2015

10*. The purpose of this question is to give examples of pairs of groups
which are quasi-isometric but not commensurable. The 3-dimensional
Lie group Sol can be identified with R3, equipped with the following
multiplication.

(x1, y1, t1) · (x2, y2, t2) = (x1 + et1x2, y1 + e−t1y2, t1 + t2)

Let A,B ∈ SL2(Z) each have two distinct real eigenvalues.

(a) Define the group ΓA to be Z2 × Z with the following product.

((a1, b1), c1) · ((a2, b2), c2) = ((a1, b1) + Ac1(a2, b2), c1 + c2)

(This is the semi-direct product Z2 oA Z.) Find an injective ho-
momorphism ΓA → Sol.

We may diagonalize A over R, so

A = P

(
λ 0
0 λ−1

)
P−1

for P ∈ SL2(Z) and λ ∈ R. Now the map Γ→ Sol sending((
a
b

)
, c

)
7→

(
P

(
a
b

)
, c log λ

)
is evidently injective, and easily checked to be a homomorphism.

(b) Show that ΓA and ΓB are isomorphic if and only if A is conjugate
to B±1 in GL2(Z).
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By definition, ΓA fits into a short exact sequence

1→ Z2 → ΓA → Z→ 1 .

We need to show that this decomposition is unique. We compute
the commutator[((

a1
b1

)
, c1

)
,

((
a2
b2

)
, c2

)]
= (I − Ac1)

(
a1 − a2
b1 − b2

)
.

Since Im(I −Ac1
1 ) ⊆ Im(I −A1), we deduce that the commutator

subgroup [ΓA,ΓA] = Im(I −A). As long as 1 is not an eigenvalue
of A, (I −A) has rank two, and so [ΓA,ΓA] is a subgroup of finite
index in Z2. It follows that the abelianization of ΓA is isomorphic
to Z⊕F for F a finite abelian group, and hence the map ΓA → Z
and its kernel Z2 are unique.

From the above discussion, any isomorphism f : ΓA

∼=→ ΓB pre-
serves the above short exact sequence. It follows that A and B±1

are conjugate in GL2(Z). The converse statement, that ΓA and
ΓB are isomorphic if A and B are conjugate, is easy.

(c) Show that ΓA and ΓB are commensurable if and only if Am and
Bn are conjugate in GL2(Q), for some m,n 6= 0.

Suppose that ∆A
∼= ∆B, for ∆A a subgroup of finite index in ΓA

and ∆B of finite index in ΓB. Passing to deeper subgroups of
finite index if necessary, we may assume that ∆A

∼= mZ2 oAp Z
and ∆B

∼= nZ2 oBq Z, for non-zero integers m,n, p, q.

By part (b), these are isomorphic if and only if Ap|mZ2 and
B±q|nZ2 are conjugate in GL2(Z). The result follows.

(d) Show that ΓA and ΓB are always quasi-isometric. (You may use
the fact that Sol admits a left-invariant Riemannian metric with-
out proof.)

Equip Sol with the left-invariant metric defined by its left-invariant
Riemannian metric. Now ΓA and ΓB both act properly discontin-
uously and cocompactly by isometries on Sol, so they are quasi-
isometric by the Schwarz–Milnor Lemma.

(e) Deduce that there exist groups ΓA, ΓB, that are quasi-isometric
but not commensurable.
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By parts (c) and (d), we just need to choose A,B ∈ SL2Z that
do not have conjugate powers in GL2(Q). If A has eigenvalues
λ±1 and B has eigenvalues µ±1, this holds if Q(λ) 6= Q(µ). So, for
instance,

A =

(
2 1
1 1

)
, B =

(
3 1
1 1

)
are as required.
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